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1 The linear transformation T :�4 → �4 is represented by the matrix


1 5 2 6
2 0 −1 7
3 −1 −2 10
4 10 13 29

 .

Find the dimension of the null space of T. [4]

2 The curveC is defined parametrically by

x = a cos3 t, y = a sin3 t, 0≤ t ≤ 1
2
π,

wherea is a positive constant. Find the area of the surface generated whenC is rotated through one
complete revolution about thex-axis. [5]

3 Given that

α + β + γ = 0, α2 + β2 + γ 2 = 14, α3 + β3 + γ 3 = −18,

find a cubic equation whose roots areα, β , γ . [4]

Hence find possible values forα, β , γ . [2]

4 The curveC has polar equation

r = e
1
5
θ
, 0≤ θ ≤ 3

2
π.

(i) Draw a sketch ofC. [2]

(ii) Find the length ofC, correct to 3 significant figures. [4]

5 Let

SN =
N

∑
n=1

(−1)n−1n3.

Find S2N in terms ofN, simplifying your answer as far as possible. [4]

Hence write down an expression forS2N+1 and find the limit, asN → ∞, of
S2N+1

N3
. [3]

6 Write down all the 8th roots of unity. [2]

Verify that

(
 − eiθ)(
 − e−iθ) ≡ 
2 − (2 cosθ)
 + 1. [1]

Hence express
8 − 1 as the product of two linear factors and three quadratic factors, where all
coefficients are real and expressed in a non-trigonometric form. [5]
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7 The curveC has equation

xy + (x + y)5 = 1.

(i) Show that
dy
dx

= −5
6

at the pointA (1, 0) onC. [3]

(ii) Find the value of
d2y

dx2
at A. [5]

8 The sequence of real numbersa1, a2, a3, . . . is such thata1 = 1 and

an+1 = (an + 1
an

)λ
,

whereλ is a constant greater than 1. Prove by mathematical induction that, forn ≥ 2,

an ≥ 2g(n),

where g(n) = λ n−1. [6]

Prove also that, forn ≥ 2,
an+1

an

> 2(λ−1)g(n). [3]

9 It is given that

I
n
= � 1

0
(1+ x3)−n dx,

wheren > 0.

(i) Show that
d
dx

[x(1+ x3)−n] = −(3n − 1)(1+ x3)−n + 3n(1+ x3)−n−1,

and hence, or otherwise, show that

In+1 = 2−n

3n
+ (1− 1

3n
)In. [5]

(ii) By considering the graph ofy = 1

1+ x3
, show thatI1 < 1. [2]

(iii) Deduce thatI3 < 53
72

. [3]
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10 The curveC has equation

y = x2 + 2x − 3
(λx + 1)(x + 4) ,

whereλ is a constant.

(i) Find the equations of the asymptotes ofC for the case whereλ = 0. [4]

(ii) Find the equations of the asymptotes ofC for the case whereλ is not equal to any of−1, 0, 1
4
, 1

3
.

[3]

(iii) SketchC for the case whereλ = −1. Show, on your diagram, the equations of the asymptotes
and the coordinates of the points of intersection ofC with the coordinate axes. [4]

11 The line l1 passes through the pointA, whose position vector is 3i − 5j − 4k, and is parallel to the
vector 3i + 4j + 2k. The line l2 passes through the pointB, whose position vector is 2i + 3j + 5k,
and is parallel to the vectori − j − 4k. The pointP on l

1
and the pointQ on l

2
are such thatPQ

is perpendicular to bothl1 andl2. The planeΠ1 containsPQ andl1, and the planeΠ2 containsPQ
andl2.

(i) Find the length ofPQ. [4]

(ii) Find a vector perpendicular toΠ1. [2]

(iii) Find the perpendicular distance fromB to Π1. [3]

(iv) Find the angle betweenΠ1 andΠ2. [3]
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12 Answer onlyone of the following two alternatives.

EITHER

The variabley depends onx, and the variablesx andt are related byx = et. Show that

x
dy
dx

= dy
dt

and x2d2y

dx2
= d2y

dt2
− dy

dt
. [5]

(i) Given thaty satisfies the differential equation

4x2d2y

dx2
+ 16x

dy
dx

+ 25y = 50(ln x) − 1,

find a differential equation involving onlyt andy. [2]

(ii) Show that the complementary function of the differential equation int andy may be written in
the form

Re
−3

2
t
sin(2t + φ),

whereR andφ are arbitrary constants. [3]

(iii) Find a particular integral of the differential equation int andy. [3]

(iv) Hence find the general solution of the differential equationin x andy. [1]

OR

The matrixA has λ as an eigenvalue withe as a corresponding eigenvector. Show that ifA is
non-singular then

(i) λ ≠ 0, [2]

(ii) the matrixA−1 hasλ−1 as an eigenvalue withe as a corresponding eigenvector. [2]

The matricesA andB are given by

A = ( 1 −1 2
0 −2 4
0 0 −3

) and B = (A + 4I)−1.

Find a non-singular matrixP, and a diagonal matrixD, such thatB = PDP−1. [10]
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